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NEVANLINNA-PICK INTERPOLATION ON CERTAIN
SUBALGEBRAS OF H∞(D)
DEBENDRA P. BANJADE AND JEREMIAH DUNIVIN
Abstract. Given a collection K of positive integers, let H∞
K
(D)
denote the set of all bounded analytic functions defined on the unit
disk D in C whose kth derivative vanishes at zero, for all k ∈ K.
In this paper, we establish a Nevanlinna-Pick interpolation result
for the subalgebra H∞
K
(D), where K = {1, 2, . . . , k}, which is a
slight generalization of the interpolation theorem that Davidson,
Paulsen, Raghupathi, and Singh proved for the algebra H∞{1}(D).
Furthermore, we provide a sufficient condition for an interpolation
function to exist in the algebra H∞
K
(D) for a given K. Lastly, we
give a necessary condition for the existence of such interpolation
functions.
1. Introduction
The algebras we are interested in this paper are defined as follows:
Let K ⊂ Z+ and define
H∞K (D) = {f ∈ H
∞(D) : f (k)(0) = 0, for all k ∈ K}.
We consider those sets K for which H∞K (D) is an algebra under point-
wise multiplication of functions. Obviously, not every set K defines an
algebra (for example, let K = {2}). Though there is not a complete
characterization of the set K for which H∞K (D) is an algebra, Ryle and
Trent [10] have given certain criteria that the set K must meet. We
state some of these criteria as Lemmas 3.1 and 3.2 in Section 3.
Furthermore, we endow H∞(D) with the usual supremum norm,
which we define below.
Definition 1. Let f be a function defined on D. The supremum norm
||f ||∞ of f is defined as the least upper bound for the set of all moduli
of f . Formally, we write
||f ||∞ = sup{|f(z)| : z ∈ D}.
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Nevanlinna and Pick proved an interpolation result for the algebra
H∞(D) in [6] and [7]. Their theorem shows that an interpolant exists
in this algebra precisely when the associated Pick matrix is positive
semidefinite.
Nevanlinna-Pick Interpolation Theorem. Given distinct points
z1, z2, ..., zn in the unit disk D in the complex plane and complex num-
bers w1, w2, ..., wn in D, there exists a function f in H
∞(D) with f(zi) =
wi for i = 1, 2, . . . , n and ‖f‖∞ ≤ 1 if and only if the associated Pick
matrix [
1− wiwj
1− zizj
]
i,j
is positive semidefinite.
Davidson, Paulsen, Raghupathi, and Singh [2] proved an interpola-
tion result for H∞{1}(D), the collection of all bounded, analytic functions
f on D, satisfying the constraint f ′(0) = 0 (see Theorem 1.2 in [2]).
Similar research on H∞{1}(D) can be found in [3] and [4].
Interpolation Theorem on H∞{1}(D) (Davidson, Paulsen, Raghu-
pathi, and Singh). Let z1, z2, ..., zn be distinct points in D, and let
w1, w2, ..., wn, be in D. Then there exists an analytic function f in
H∞{1}(D) with ‖f‖∞ ≤ 1 such that f(zi) = wi for i = 1, 2, . . . , n if and
only if there exists λ ∈ D so that[
z2i z
2
j − ϕλ(wi)ϕλ(wj)
1− zizj
]
i,j
is positive semidefinite,
where ϕλ(z) =
z−λ
1−λz
denotes the elementary Mo¨bius transformation.
Observing that all functions in H∞{1}(D) have first derivatives that
vanish at zero, it is natural to define our desired set as follows.
Definition 2. Let K denote a nonempty collection of positive integers
and define the set H∞K (D) as the set of all functions in H
∞(D) whose
kth derivative vanishes at zero, for all k ∈ K. Formally, define
H∞K (D) := {f ∈ H
∞(D) : f (k)(0) = 0, for all k ∈ K}.
We assume that H∞K (D) is an algebra. As we shall see in Section 2,
this assumption is necessary.
Although [2] is the primary inspiration for this work, Carleson’s
corona theorem andWolff’s problem of ideals have also been established
for H∞K (D), see [8] and [1], respectively. Thus, we found it plausible
that a similar interpolation condition holds for the subalgebra H∞K (D).
Indeed, we will prove several interpolation results for H∞K (D).
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In the next section, we will briefly consider examples of sets K that
may or may not yield an algebra, demonstrating that we must make
the assumption that H∞K (D) is an algebra. Section 3 is devoted to all
results that will be used to assist us in proving Theorems 4.1, 4.2, and
4.3 and Corollaries 4.1 and 4.2 in Section 4 of this paper.
2. The Subalgebra H∞K (D)
We consider those sets K for which H∞K (D) is an algebra. As the
next example shows, not all sets K yield an algebra.
Example 2.1. The set H∞{2}(D) is not an algebra, because it fails to be
closed under pointwise multiplication. Consider the functions f(z) = z
and g(z) = z on D. Clearly, f and g are analytic and bounded, so
f, g ∈ H∞(D). Further, f ′′(0) = g′′(0) = 0, so f, g ∈ H∞{2}(D). But
for the product f(z)g(z) = z2, we have
(
fg)′′(z) = 2, which does not
vanish at zero. Thus, fg /∈ H∞{2}(D), so it is not closed under pointwise
multiplication. Therefore, H∞{2}(D) is not an algebra.
However, the set H∞{1,3}(D) is an algebra.
Example 2.2. Let f, g ∈ H∞{1,3}(D). For the sum f + g, we have
(f+g)′(0) = f ′(0)+g′(0) = 0 and (f+g)′′′(0) = f ′′′(0)+g′′′(0) = 0,
so f + g ∈ H∞{1,3}(D). For the first derivative of the product fg,
(fg)′(z) = f ′(z)g(z) + f(z)g′(z),
which implies that
(fg)′(0) = f ′(0)g(0) + f(0)g′(0)
= 0 · g(0) + f(0) · 0
= 0.
Similarly, the third derivative of fg yields
(fg)′′′(z) = f ′′′(z)g(z) + 3f ′′(z)g′(z) + 3f ′(z)g′′(z) + f(z)g′′′(z),
and thus
(fg)′′′(0) = f ′′′(0)g(0) + 3f ′′(0)g′(0) + 3f ′(0)g′′(0) + f(0)g′′′(0)
= 0 · g(0) + 3f ′′(0) · 0 + 3 · 0 · g′′(0) + f(0) · 0
= 0.
Therefore, fg ∈ H∞{1,3}(D). Since H
∞
{1,3}(D) is closed under both poin-
wise multiplication and addition, we conclude that it is an algebra.
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The above examples show that not every K yields an algebra. A
complete characterization of such sets K is an open problem worthy
of investigation. Nevertheless, we will proceed to assume that a K is
given such that H∞K (D) is an algebra.
3. Preliminaries
Ryle and Trent have conducted a thorough analysis on the subalge-
bra H∞K (D), revealing the rich structure and interesting properties it
possesses (see Chapter 4 in [10]). Furthermore, they provide necessary
criteria that K must satisfy whenever H∞K (D) is an algebra. We cata-
log some of these attributes below (see Lemmas 4.2.1, 4.2.2, 4.2.4, and
Corollary 4.2.1 in [10]).
Lemma 3.1. (Ryle and Trent) Let K ⊂ Z+ such that H
∞
K (D) is an
algebra. Then
(i) k0 6∈ K if and only if ϕ(z) = z
k0 ∈ H∞K (D).
(ii) If j, k /∈ K, then j + k /∈ K.
(iii) If j /∈ K, then nj /∈ K for all n ≥ 2.
(iv) Suppose k0 ∈ K. If 1 < j < k0 satisfies j /∈ K, then k0 − j ∈ K.
Given an algebra H∞K (D), the following lemma demonstrates that
some collection of positive integers absent from K exists. (see Corollay
1 in [9]).
Lemma 3.2. (Ryle and Trent) If H∞K (D) is an algebra, then there
exists d ∈ Z+, a finite set {ni}
p
i=1 ⊂ Z+ with n1 < · · · < np and
gcd(n1, . . . , np) = 1, and a positive integer N0 > np so that
Z+ \K = {n1d, n2d, . . . , npd,N0d, (N0 + j)d : j ∈ Z+}.
These lemmas show that every function f ∈ H∞K (D) has the following
power series representation:
f(z) = α0 + α1 z
n1d + α2 z
n2d + · · ·+ αp z
npd + αp+1 z
N0d +
∞∑
j=1
αp+j+1 z
(N0+j)d,
where the coefficient αi ∈ C. In order to improve our understanding of
these results, we provide a couple of examples below.
Example 3.1.
i. If f ∈ H∞{1}(D), then the power series representation of f is
f(z) = α0 + α2z
2 + α3z
3 + α4z
4 +
∞∑
i=5
αiz
i.
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ii. If f ∈ H∞{1,3}(D), then the power series representation of f is
f(z) = α0 + α2z
2 + α4z
4 + α5z
5 +
∞∑
i=6
αiz
i.
Because we will be taking derivatives of function compositions, we
will be using Bruno’s Formula below (see [5] for more information).
Bruno’s Formula. Let f and g denote functions with a sufficient
number of derivatives. Then the kth derivative of the composition g ◦ f
is
dk
dzk
[
g(f(z))
]
=
∑ k!
b1! b2! · · · bk!
· g(b)(f(z)) ·
k∏
ℓ=1
(f (ℓ)(z)
ℓ!
)bℓ
where the sum is over all k-tuples of nonnegative integers (b1, . . . , bk)
satisfying the constraint
k∑
ℓ=1
ℓ bℓ = k,
and b := b1 + b2 + · · ·+ bk.
We use Bruno’s formula in the following example, which serves as a
motivation for Lemmas 3.3 and 3.4 below.
Example 3.2. When k = 3, Bruno’s formula shows that we take the
triples (b1, b2, b3) satisfying the equation b1 + 2b2 + 3b3 = 3. Clearly,
the only solutions are (3, 0, 0), (1, 1, 0) and (0, 0, 1). Given (3, 0, 0), the
first term has the form
3!
3!0!0!
·g(3+0+0)(f(z))·
(
f (1)(z)
1!
)3(
f (2)(z)
2!
)0(
f (3)(z)
3!
)0
= g(3)(f(z))
[
f (1)(z)
]3
.
Further, the solution (1, 1, 0) yields the term
3!
1!1!0!
·g(1+1+0)(f(z))·
(
f (1)(z)
1!
)1(
f (2)(z)
2!
)1(
f (3)(z)
3!
)0
= 3g(2)(f(z))f (1)(z)f (2)(z).
Finally, the solution (0, 0, 1) provides the last term of the form
3!
0!0!1!
·g(0+0+1)(f(z))·
(
f (1)(z)
1!
)0(
f (2)(z)
2!
)0(
f (3)(z)
3!
)1
= g(1)(f(z))f (3)(z).
Therefore,
(g◦f)(3)(z) = g(3)(f(z))
[
f (1)(z)
]3
+3g(2)(f(z))f (1)(z)f (2)(z)+g(1)(f(z))f (3)(z).
Note that each solution to the constraint generates a term in the
above equation. Now, consider the algebra H∞{1,3}(D). If f ∈ H
∞
{1,3}(D),
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we see from the first three equations that a nonzero component bj in
(b1, b2, b3) exists such that j ∈ {1, 3}. We show that this is always true.
Lemma 3.3. Suppose K is a set of positive integers such that H∞K (D)
is an algebra. If k ∈ K, then for every k-tuple (b1, b2, . . . , bk) satisfying
k∑
ℓ=1
ℓ bℓ = k,
there exists an ℓj ∈ {ℓ1, ℓ2, . . . , ℓt} such that ℓj ∈ K, where bℓ1 , bℓ2 , . . . , bℓt
are the nonzero components of (b1, b2, . . . , bk).
Proof. Let k ∈ K. Assume instead that ℓj /∈ K, for all ℓj ∈ {ℓ1, ℓ2, . . . , ℓt}.
By Lemma 3.1.(iii), the product ℓj bℓj /∈ K. Further,
t∑
j=1
ℓj bℓj /∈ K,
by Lemma 3.1.(ii). Since bm = 0 for eachm ∈ {1, 2, . . . , k}\{ℓ1, ℓ2, . . . , ℓt},
k∑
ℓ=1
ℓ bℓ =
t∑
j=1
ℓj bℓj = k /∈ K,
which is a contradiction, as we know k ∈ K.

Lemma 3.4. Suppose that H∞K (D) is an algebra. If g ∈ H
∞(D) and
f ∈ H∞K (D) with f(D) ⊂ D, then g ◦ f ∈ H
∞
K (D).
Proof. Let g ∈ H∞(D) and f ∈ H∞K (D). Then g ◦ f ∈ H
∞(D). If
k ∈ K, Bruno’s formula allows us to write
(
g(f(z)))(k) =
∑ k!
b1! b2! · · · bk!
· g(b)(f(z)) ·
k∏
ℓ=1
(f (ℓ)(z)
ℓ!
)bℓ
where the sum is over all k-tuples of nonnegative integers (b1, . . . , bk)
satisfying the constraint
k∑
ℓ=1
ℓ bℓ = k,
and b := b1 + b2 + · · ·+ bk. For each solution (b1, b2, . . . , bk), there exist
nonzero components bℓ1 , bℓ2 , . . . , bℓt in (b1, b2, . . . , bk), because k > 0.
By Lemma 3.3, there exists an ℓj ∈ {ℓ1, ℓ2, . . . , ℓt} such that ℓj ∈ K,
and thus (
f (ℓj)(z)
ℓj !
)bℓj
= 0 at z = 0.
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Therefore, every term in the sum vanishes at z = 0, so (g(f(0)))(k) = 0.
Hence, g ◦ f ∈ H∞K (D). 
The following propositions will be used to prove Lemma 3.5 below.
We first show that if H∞K (D) is an algebra, 1 ∈ K.
Proposition 3.1. If K ⊂ Z+ is nonempty such that H
∞
K (D) is an
algebra, then 1 ∈ K.
Proof. Assume to the contrary that 1 /∈ K. Let k be the smallest
positive integer in K. Then k − 1 /∈ K where 1 ≤ k − 1. If k − 1 = 1,
then k = 2 ∈ K. By Lemma 3.1.(i), z ∈ H∞K (D) and z
2 /∈ H∞K (D).
However, H∞K (D) is an algebra, so z ·z = z
2 ∈ H∞K (D), a contradiction.
Therefore, 1 < k − 1. But since k − 1 < k with k − 1 /∈ K and k ∈ K,
Lemma 3.1.(iv) implies that k−(k−1) = 1 ∈ K, another contradiction.
Thus, we must have 1 ∈ K. 
If K only has consecutive integers, then either K is finite, containing
all positive integers less than some integer, or K = Z+.
Proposition 3.2. Suppose H∞K (D) is an algebra. If K only contains
consecutive integers, then K = {1, 2, . . . , k} for some integer k, or
K = Z+.
Proof. Suppose for each k ∈ Z+, K 6= {1, 2, . . . , k}. By Proposition
3.1, 1 ∈ K. But K 6= {1}. Since K only has consecutive integers,
2 ∈ K. Similarly, if k ∈ K, then k + 1 ∈ K. Thus, K = Z+. 
Lastly, we show that if there is a smallest integer m not in K, then
K contains all positive integers less than m.
Proposition 3.3. Let H∞K (D) be an algebra with K 6= Z+. Let m be
the smallest positive integer not in K. Then K contains every positive
integer j < m.
Proof. By Proposition 3.1, K 6= ∅. Since K and Z+ \K partition Z+
and m = min
(
Z+ \K
)
, every positive integer j < m must be in K. 
We show that a smallest positive integer m /∈ K can be found, so
that a function f can be written as a product of functions involving m.
Lemma 3.5. Let K ⊂ Z+ be a proper nonempty set such that H
∞
K (D)
is an algebra. Let f ∈ H∞K (D) with f(0) = 0. Then there exists a
smallest positive integer m /∈ K and an analytic function h on D such
that
f(z) = zmh(z).
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Proof. It is enough to assume that f is not identically zero and noncon-
stant on D. IfK only contains consecutive integers, then becauseK is a
proper subset of Z+, Proposition 3.2 tells us thatK = {1, 2, 3, 4, . . . , k},
for some k ∈ Z+. Then the smallest positive integer not in K is k + 1.
Now, if f ∈ H∞K (D) and f(0) = 0, it follows that f has the following
representation:
f(z) = αk+1z
k+1 +
∞∑
i=k+2
αiz
i
= zk+1h(z),
where h(z) = αk+1 +
∑∞
k+2 αiz
i is analytic, as desired.
If K contains a pair of nonconsecutive integers, let ki and ki+1 denote
the smallest such pair. Then m = ki+1 is the smallest positive integer
not in K. By Proposition 3.3 every positive integer j < ki + 1 is in
K, so that f (j)(0) = 0. Because f(0) = 0, we know that f has the
following representation for all positive integers ℓ /∈ K ∪ {m}:
f(z) = αmz
m +
∑
ℓ
cℓz
ℓ
= zmh(z),
where h(z) = αm +
∑
ℓ cℓ z
ℓ−m is an analytic function, as desired. 
Let f be an analytic function on D such that ||f ||∞ ≤ 1. If there is
a point z0 ∈ D such that f(z0) ∈ D, then the image f(D) is completely
contained in D. To prove this claim, recall that the Open Mapping The-
orem says that the image of an open set under a nonconstant analytic
mapping is open.
Lemma 3.6. Let f ∈ H∞(D) such that ||f ||∞ ≤ 1. If there is a point
z0 ∈ D such that f(z0) ∈ D, then |f(z)| < 1 for all z ∈ D.
Proof. If f is constant, then f(z) = f(z0) for all z ∈ D, and the result
follows. Otherwise, the Open Mapping Theorem and ||f ||∞ ≤ 1 imply
that the image f(D) is an open set contained in D. Thus, |f(z)| < 1
for all z ∈ D. 
4. Interpolation Theorems On The Subalgebra H∞K (D)
We now present our interpolation theorems. The following theorem
is a slight generalization of the interpolation theorem established in [2].
Theorem 4.1. Let K = {1, 2, . . . , k} ⊂ Z+. Let z1, z2, . . . , zn be dis-
tinct points in D and w1, w2, . . . , wn be points in D. There exists an
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analytic function f ∈ H∞K (D) with f(zi) = wi for i = 1, 2, . . . , n and
||f ||∞ ≤ 1 if and only if there exists a λ ∈ D such that[
zk+1i z
k+1
j − ϕλ(wi) ϕλ(wj)
1− zizj
]
is positive semidefinite.
Proof. Suppose zi 6= 0 for each i = 1, 2, . . . , n. Assume there exists
an f ∈ H∞K (D) such that f(zi) = wi and ||f ||∞ ≤ 1. Set λ = f(0),
which is in D by Lemma 3.6. Since φλ ∈ H
∞(D) and f ∈ H∞K (D)
with ||f ||∞ ≤ 1 we know from the Lemma 3.4 that the composition
φλ ◦ f ∈ H
∞
K (D). Further, φ ◦ f at zero yields:
φλ(f(0)) = φλ(λ) = 0,
so φλ(f(z)) = z
k+1h(z) where h ∈ H∞(D) and ||h||∞ ≤ 1. Applying
the Nevanlinna-Pick Interpolation Theorem on {z1, z2, . . . , zn} and h,
the matrix [
1− h(zi)h(zj)
1− zizj
]
is positive semidefinite.
Given that φλ(f(zi)) = φλ(wi) = z
k+1
i h(zi) the matrix[
zk+1i z
k+1
j − φλ(wi) φλ(wj)
1− zizj
]
equals

zk+11 0 ... 0
0 zk+12 ... 0
...
...
. . .
...
0 0 . . . zk+1n


[
1− h(zi)h(zj)
1− zizj
]
zk+11 0 ... 0
0 zk+12 ... 0
...
...
. . .
...
0 0 . . . zk+1n

 ,
and thus[
zk+1i z
k+1
j − ϕλ(wi)ϕλ(wj)
1− zizj
]
is positive semidefinite.
Now suppose z1 = 0. Then λ = f(0) = f(z1) = w1, so the first
row and column of the above matrix are zero; and the same reasoning
applies to the remaining entries of the matrix.
Conversely, it suffices to assume that zi 6= 0 for all i = 1, 2, . . . , n.
Suppose there exists a λ ∈ D such that[
zk+1i z
k+1
j − ϕλ(wi)ϕλ(wj)
1− zizj
]
is positive semidefinite.
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Since the above matrix equals

zk+11 0 ... 0
0 zk+12 ... 0
...
...
. . .
...
0 0 . . . zk+1n



1− z−(k+1)i φλ(wi) z−(k+1)j φλ(wj)
1− zizj




zk+11 0 ... 0
0 zk+12 ... 0
...
...
. . .
...
0 0 . . . zk+1n


we deduce that
1− z−(k+1)i φλ(wi) z−(k+1)j φλ(wj)
1− zizj

 is positive semidefinite.
By the Nevanlinna-Pick Interpolation Theorem, there is an h ∈ H∞(D)
such that h(zi) = z
−(k+1)
i φλ(wi), for each i = 1, 2, . . . , n and ||h||∞ ≤ 1.
Now define f(z) = φ−λ(z
k+1h(z)). Clearly, f ∈ H∞(D), ||f ||∞ ≤ 1,
and for each i = 1, 2, . . . , n, we have
f(zi) = φ−λ(z
k+1
i h(zi)) = φ−λ(z
k+1
i z
−(k+1)
i φλ(wi)) = wi.
To show that f ∈ H∞K (D), we first demonstrate that z
k+1h(z) ∈
H∞K (D). Clearly, z
k+1h(z) ∈ H∞(D). Let ℓ ∈ K and consider the ℓth
derivative of zk+1h(z):
(
zk+1h(z)
)( ℓ )
=
ℓ∑
t=0
(
ℓ
t
)(
zk+1
)( t )(
h(z)
)( ℓ−t )
.
For each t = 0, 1, . . . , k, we have(
zk+1
)( t )
=
(k + 1)!
(k − 1 + t)!
· zk+1−t.
Because k + 1 − t > 0, it follows that
(
zk+1h(z)
)( ℓ )
= 0 at z = 0, for
every ℓ ∈ K. Thus, zk+1h(z) ∈ H∞K (D). Finally, since φ−λ ∈ H
∞(D),
we deduce from Lemma 3.4 that f(z) = φ−λ(z
k+1h(z)) ∈ H∞K (D), so f
is our desired interpolation function. 
Remark 1. If K = {1}, then k+1 = 2 gives us the interpolation result
for H∞{1}(D).
Given a nonempty set K ⊂ Z+ the following theorem and corol-
lary give a sufficient condition for an interpolation function to exist
in the algebra H∞K (D). Although the next theorem applies to sets
K = {1, 2, . . . , k}, it also applies to those sets K with at least one
pair of nonconsecutive integers for which H∞K (D) is an algebra, such as
H∞{1,3}(D).
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Theorem 4.2. Let K = {1, k1, k2, . . . , kp} where 1 < k1 < k2 < · · · <
kp such that H
∞
K (D) is an algebra. Let z1, z2, . . . , zn be distinct points
in D and let w1, w2, . . . , wn be points in D. If there exists a λ ∈ D such
that the matrix
zkp+1i zkp+1j − ϕλ(wi) ϕλ(wj)
1− zizj

 is positive semidefinite,
then there exists a function f ∈ H∞K (D) such that f(zi) = wi and
||f ||∞ ≤ 1.
Proof. It is enough to assume that zi 6= 0 for all i = 1, 2, . . . , n. Given
that the above matrix is positive semidefinite it follows that the matrix
1− z−(kp+1)i φλ(wi) z−(kp+1)j φλ(wj)
1− zizj


is also positive semidefinite. By the Nevanlinna-Pick Interpolation The-
orem, there exists a function h ∈ H∞(D) such that h(zi) = z
−(kp+1)
i φλ(wi).
Define the function f(z) = φ−λ(z
kp+1h(z)). A similar argument as in
the proof of Theorem 4.1 shows that f ∈ H∞K (D), f(zi) = wi and
||f ||∞ ≤ 1.

Theorem 4.2 and Lemma 3.2 allow us to deduce the following corol-
lary.
Corollary 4.1. Let K be an infinite proper subset of Z+ such that
H∞K (D) is an algebra and
Z+ \K = {n1d, n2d, . . . , npd,N0d, (N0 + j)d : j ∈ Z+}
for some positive integer d, some finite set {ni}
p
i=1 ⊂ Z+ where
n1 < n2 < · · · < np and a positive integer N0 > np. Moreover, let
K1 ⊂ Z+ such that
Z+ \K1 = {n1, n2, . . . , np, N0, N0 + j : j ∈ Z+}.
Let z1, z2, . . . , zn be distinct points in D and w1, w2, . . . , wn be points in
D. If there exists a λ ∈ D such that the matrix
z(n1+1)di z(n1+1)dj − ϕλ(wi)ϕλ(wj)
1− zdi z
d
j

 is positive semidefinite
where n1+1 is the smallest positive integer not in K1, then there exists
an f ∈ H∞K (D) with f(zi) = wi for all i = 1, 2, . . . , n and ||f ||∞ ≤ 1.
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Proof. Suppose there is a λ ∈ D such that the above matrix is positive
semidefinite. Set Vi = z
d
i and Vj = z
d
j , so that the matrix[
V n1+1i V
n1+1
j − ϕλ(wi)ϕλ(wj)
1− Vi Vj
]
is positive semidefinite.
By Theorem 4.2, there exists an F ∈ H∞K1(D) such that F (Vi) = wi
and ||F ||∞ ≤ 1. Further, we have
F (V ) = α0+α1 V
n1+α2 V
n2+· · ·+αp V
np+αp+1 V
N0+
∞∑
j=1
αp+j+1 V
N0+j .
Defining f(z) = F (zd), we see that
f(z) = α0+α1 z
n1d+α2 z
n2d+· · ·+αp z
npd+αp+1 z
N0d+
∞∑
j=1
αp+j+1 z
(N0+j)d.
Clearly, f ∈ H∞K (D), ||f ||∞ ≤ 1 and f(zi) = F (z
d
i ) = wi, for all i =
1, 2, . . . , n. We conclude that f is our desired interpolation function.

Unfortunately, it is not clear if the converse of the above theorem
is true, nor is it apparent that a positive semidefinite matrix exists
such that Theorem 4.2 becomes a biconditional statement. However,
we provide a necessary condition for an interpolation function to exist
in the following theorem.
Theorem 4.3. Let K = {1, k1, k2, . . . , kp} with 1 < k1 < k2 < . . . < kp
denote a set of positive integers such that H∞K (D) is an algebra. Let
z1, z2, . . . , zn be distinct points in D and w1, w2, . . . , wn be points in D.
If there is an f ∈ H∞K (D) such that f(zi) = wi for i = 1, 2, . . . , n and
||f ||∞ ≤ 1, then there exists a λ ∈ D such that the matrix is[
zmi z
m
j − ϕλ(wi) ϕλ(wj)
1− zizj
]
is positive semidefinite,
where m is the smallest positive integer not in K.
Proof. Without loss of generality, assume that zi 6= 0 for all i =
1, 2, . . . , n. Assume that there exists f ∈ H∞K (D) such that ||f ||∞ ≤ 1
and f(zi) = wi. Set λ = f(0) ∈ D. Define g(z) = ϕλ(f(z)). Since ϕλ ∈
H∞(D) and f ∈ H∞K (D), it follows from Lemma 3.4 that g ∈ H
∞
K (D).
Moreover, g(zi) = ϕλ(wi), for i = 1, 2 . . . , n, and g(0) = ϕλ(λ) = 0.
Consequently, we know from Lemma 3.5 that a smallest positive
integer m /∈ K exists such that g(z) = zmh(z) where ||h||∞ ≤ 1.
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Applying the Nevanlinna-Pick Theorem on h ∈ H∞(D) and the set
{z1, z2, . . . , zn}, the matrix[
1− h(zi)h(zj)
1− zizj
]
is positive semidefinite.
Following a similar idea in the proof of Theorem 4.1, we have that the
matrix[
zmi z
m
j − g(zi) g(zj)
1− zizj
]
=
[
zmi z
m
j − ϕλ(wi)ϕλ(wj)
1− zizj
]
is positive semidefinite,
as desired. 
Corollary 4.2. Let K be an infinite proper subset of Z+ such that
H∞K (D) is an algebra and
Z+ \K = {n1d, n2d, . . . , npd,N0d, (N0 + j)d : j ∈ Z+}
for some positive integer d, some finite set {ni}
p
i=1 ⊂ Z+ where
n1 < n2 < · · · < np and a positive integer N0 > np. Moreover, let
K1 ⊂ Z+ such that
Z+ \K1 = {n1, n2, . . . , np, N0, N0 + j : j ∈ Z+}.
Let z1, z2, . . . , zn be distinct points in D and w1, w2, . . . , wn be points in
D. If there exists an f ∈ H∞K (D) with f(zi) = wi for i = 1, 2, . . . , n
and ||f ||∞ ≤ 1, then there is a λ ∈ D such that[
zn1di z
n1d
j − ϕλ(wi)ϕλ(wj)
1− zdi z
d
j
]
is positive semidefinite,
where n1 is the smallest positive integer not in K1.
Proof. Let f ∈ H∞K (D) such that f(zi) = wi and ||f ||∞ ≤ 1. By our
assumption on Z+ \K, we see that f has the following representation
f(z) = α0+α1 z
n1d+α2 z
n2d+· · ·+αp z
npd+αp+1 z
N0d+
∞∑
j=1
αp+j+1 z
(N0+j)d,
where αi ∈ C. Setting V = z
d, we have a function F defined by
F (V ) = α0+α1 V
n1+α2 V
n2+· · ·+αp V
np+αp+1 V
N0+
∞∑
j=1
αp+j+1 V
N0+j .
Consequently, F is contained in the algebra H∞K1(D). Also, ||F ||∞ ≤ 1
since ||f ||∞ ≤ 1, and F (Vi) = F (z
d
i ) = f(zi) = wi. By Theorem 4.3,
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there exists a λ ∈ D such that[
V n1i V
n1
j − ϕλ(Vi)ϕλ(Vj)
1− Vi Vj
]
is positive semidefinite
where n1 is the smallest positive integer not in K1. Since Vi = z
d
i and
Vj = zdj , we conclude that[
zn1di z
n1d
j − ϕλ(wi)ϕλ(wj))
1− zdi z
d
j
]
is positive semidefinite.

5. Conclusion and Open Problems
In this paper, we have established several interpolation results for
H∞K (D). In particular, we have generalized the interpolation result in
[2], and have provided a couple theorems that serve as necessary and
sufficient conditions for an interpolation function to exist. However,
questions have naturally arisen during this investigation.
First, we gave two different theorems on the existence of an interpo-
lation function inH∞K (D) when K is an arbitrary set of positive integers
such that H∞K (D) is an algebra. However, it is not clear if there is a
necessary and sufficient condition for an interpolant to exist in algebras
such as H∞{1,3}(D). Thus, we ask the following question.
Question 5.1. Is there a generalization of Theorem 4.1 for algebras
H∞K (D) where K is a collection of nonconsecutive integers?
Furthermore, the interpolation function in the classical Nevanlinna-
Pick interpolation result is unique if and only if the associated Pick
matrix is singular. This fact inspires the following question.
Question 5.2. Are there necessary and sufficient conditions for The-
orem 4.1 to guarantee that the the interpolation function in H∞K (D) is
unique?
Lemma 3.4 shows that if g ∈ H∞(D) and f ∈ H∞K (D) where f(D) ⊂
D, then the composition g ◦ f ∈ H∞K (D). We thus pose the following
question.
Question 5.3. Suppose g ∈ H∞K (D) and f ∈ H
∞(D) with f(D) ⊂ D.
Under what conditions is the composition g ◦ f ∈ H∞K (D)?
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